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1. INTRODUCTION 
Let Z be an interval of real axis R, closed at an endpoint if this end point is 
finite; p be a fixed non-negative integer. UP(Z) denotes the class of all 
functions f defined on Zof which thep-th derivative f(p) exists and is uniformly 
continuous on I. The modulus of continuity LL)~(~; 6) = o(f(J’); 6)(6> 0) of f(p) 
then exists on I. 
In [8] Sikkema and Van der Meer proved for a large class of sequences {Ln} 
(n = 1,2, . ..) of linear positive operators Ln mapping UCP(Z) into C(Z) an 
estimation of the form 
(1) IL4.A x) -fWl 5 cndx, 4~Pu-i 4 + fj, ddx) If’k’(x)IJ 
in which the coefficients c&x, 6) and d&x) (k= 1, . . ..p) are best possible in 
UP(Z) for each n E ZV, each XEZ and each 6>0. For integral operators of 
convolution type Sikkema [9] investigated c&x, 6). 
In the present paper the best functions c&x,8) are studied for some 
operators of summation type 
Ln(fu);x) = i In/z(x)f (n=l,2,...) 
h=O 
with x(n) L n, lim,,, n-ix(n) = 1. Included are the operators B,, of Bernstein, Sn 
of Szasz-Mirakjan and Ln of Baskakov, in all of which x(n) =n @EN) and 
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generalisations Z3,*, S,* and L,*, in which x(n) 1 n (n EN) and always with 
6 =(x(n))-*. Then for arbitrary 6> 0 two estimations for c&x, 6) are derived 
from which the asymptotic behaviour of c&x,@ follows if n+oo, under the 
assumption that 6 is a properly chosen function of n, tending to zero if n-roe. 
An application is also made to the operators Mn of Meyer-Konig and Zeller. 
Several known results are generalised. 
This paper is a sequel to [8] and it was announced there as a forthcoming 
paper. 
2. BASIC THEOREMS. 
Let (Ln} be a sequence of linear positive operators mapping UP(Z) into C(Z) 
of which it is supposed that for each XEZ the following conditions (i)-(iii) are 
satisfied: 
(i) Ln(l;x)= 1 @ZEN); 
(ii> LO- I , 1 x k*~ exists for each odd k (1 I ksp + l), n EN, 
(iii) if p is even then &(lt--xlP+‘;x)-tO (n+oo). 
For the sake of shortness the notations a&x) and /3&x) will be used: 
(Ynk(X) =Ln((t-X)k; x) (k=O, 1, . . . . p+ l;xoZ), 
/3nk(x)=Ln(lt-Xlk;X) (k=O, 1, . . . . p+ l;xeZ). 
In [8] theorems 1 and 2 below were proved. 
THEOREM 1. Let p be a non-negative integer and let {L,,} (n = 1,2,. . .) be a 
sequence of linear positive operators mapping N?‘(Z) into C(Z) and satisfying 
the above conditions (i)-(iii). Then for each f E UP(Z), each n E N, each x E Z 
and each 6 > 0 the inequality 
(2) ILn(f;X)-f(X)IICnp(X,~))Op(f;(r)+ El p !!?p If ‘k’(X)/ 
holds, where 
with 
(3) 
spp(u) =p! -‘{+ IuIp+/Auup+ c (I#[ -j)P (u E RI, 
j=l 
/,4=2-l if&p(X)10, ,u = -2-l if c&p(x) < 0. 
For each n EN, each x E Z and each 6 > 0 the coefficients cnp(x, 6) and la,k(x)I 
(k= 1, . . . . p) are best possible in the class UCp(Z). 
As usual [a] (a E R) denotes the integral part of a. 
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Using the Bernoulli polynomial BP+ t(t) of order p + 1 (3) can be written as 
(4) 
with Bk (k=O, 1, . ..) denoting the k-th Bernoulli number, I&= Bk(0). 
THEOREM 2. Let p be a non-negative integer and let {Ln} (n = 1,2, . . .) be a 
sequence of linear positive operators of summation type mapping WY(I) into 
C(I) and satisfying the above conditions (i)-(iii), defined by 
then for each n EN and each x E I 
(5) 
cnp(x, h(n))-‘) = (p + l)!-’ + 1) IanP( + ‘Y X 
r-0 
with 
(6) qnx=lx(n)x+ I[-x(n)x. 
]a[ (a E R) denotes the largest integer smaller than a. 
3. APPLICATIONTOTHEOPERATORS~~OFSZ~SZ-MIRAKJAN. 
For eachp=O, l,... the operators Sn (n = 1,2, . . .) mapping UCp(I) into C(I), 
I= [0, 00) are defined by 
Mhx)=e-nu hIEo h, “CfX9 ( > 
(f E TWO). 
(In fact they can be defined on a much larger class.) Setting for each n EN, each 
xEland each k~No 
(7) V&x) = nh,k(x), 
then it is known [6] that 
(8) 
Vno(x) = 1, F/n1 (x) = 0, 
V n,k+ dx) =xGM + nkxK,k- dx) (kEN). 
Consequently, V&x) (n EN, k E No) is a polynomial in nx of degree [k/2], with 
leading coefficient (k- l)! ! = 1.3 . . . (k- 1) in case k is even. 
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If p is odd (pr 1) it follows from (5) with x(n) = n, (7) and (8) that for each 
nENandeachxe[O,a) 
[P/21 
+ 1) V&x) + c 
r=O 
(9) x B2rVn,p + I - 2&) - C .‘, (“: l)B’&?] = 
x(P + I)/2 X 1 
=(p+1)!!ncp-‘)/2+...+p!np-1 . -- (p+l)rn,(B~+l(c’)-B~+~}, 
with a=nx- [nx] and (p+ l)!! =2.4...@+ 1). Especially, 
a(1 --a) cnl(x,n-l)=jx+- 
2n ’ 
X2 
&j(X,n-p=-+X- 
a2(1 - (r)2 
8n 6n2 24n3 ’ 
X3 
cd(x,n-‘)=a+- -- 
25x2 + x a2( 1 - a)2(a2 - a - 3) 
288n3 120n4 720d ’ 
As Bk(t) is continuous on R if kr 2, it follows from (9) that c&x, n-i) E CIO, 00) 
if p is odd (pz 1). Also from (9) it appears that if p is odd, pr 3, 
cnp(x’ n-‘) =(p + I)!! (nx)(P- IV2 xp (,+ q-)) @x-+=). 
In case p = 0 (5) yields 
cn&qn-1)=n/3nl(x)+j-flnx=nS&-xl;x)+j-tlm= 
=ne--[io %(x-X)- ,z+, T(x-i)]+j-um 
if r= [nx]. Hence 
cno(x,n-l) =2neenX - n&(x - t; X) + 3 - qm 
+ j-tlnx, 
from which it follows that 
(10) c&x,n-1)=2Fe-m+ j-qnx. . 
Using Stirling’s formula (10) gives 
GO(X, n-I),= (nx+ 00). 
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The asymptotic behaviour of cnp(x, n-l) for p even (p ~2) will be investigated 
in section 8. 
4. APPLICATION TO A GENERALISATION s,* OF THE OPERATORS 
OF SZP;SZ-MIRAKJAN. 
In this section the operators S,* mapping UCp(1) into C(I), I= [0, UJ) are 
defined for each p = 0, 1, . . . by 
Setting r(n) =x(n) - n, it is supposed that 
r(n)zO @EN) and n-‘y(n)-+0 @-+a). 
In case x(n) = n for some n, then S,* = S, for this n. 
Defining for n EN, k E No and x E [0, 00) 
G&) = tXw)k%ktx) 
then 
V$(x) = epnu 1 - - @-@(h - #y(n)xf 
h=O h! 
and the relation 
K%x) = ;: 
j=O 
WENo) 
holds, V&(x) being defined in section 3. 
Putting a = x(n)x- [x(n)x] this leads for the operators S,* according to (5) to 
1 
Cnl x,- 
( > 
y*tn)x* 
x(n) 
=+x+- - + au - 4 
2x(n) 2x00 ’ 
= 4, tx:n,,3 ( yd(n)ti + 6ny2(n)x3 + (3n2 - 4ny(n) + 
. 
+ y2(n))x2+2nx+2xIn-3ny(n)x-y3(n)xy-a*(1 -a)2). 
Moreover, if n-+m the following asymptotic relations hold for p odd (pz 1): 
1 XP (p+ I)!! (nx)@-I)‘* (1 + o(1)) if r+(n)-+0 (n+co) 
( )(’ 
(P+ w2 
?o 
XT+@+ I)/2 
1 
4 2r 
C&P x9 x(n) = (2t)! (p + 1 - 2?)! ! 1 
-$-j&1 +0(l)) 
if n-fy(n)-+q (O<qcoo, n-03) 
I 
tvtWP + ’ 1 -(l + o(1)) 
(ps l)! np 
if thy(n)+03 (n+oJ). 
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5. APPLICATION TO THE BERNSTEIN OPERATORS B,,. 
For eachp=O, 1, . . . the operators Bn mapping UP(I) into C(I), I= [0, l] are 
defined by 
Bn(f;x)= i n 0 h=O h Xh(l -x)n-hf 1 ( > u-e ~CW)* 
From (5) it is easily seen that, as before, with a = nx- [nx] and n EN, 
XE 10, 11, 
a(1 -a) 
cn,(x,n-‘)=+x(1-x)+- 
2n 
which formula was found in 1976 by Schurer, Sikkema and Sleutel[3]. From it, 
it follows that 
Further, 
(11) cn3(x, n-1) = $ 
.I 
$cz”~(x) + 2 jan3(x)l + nan4(x) - -$a2(1 - a)2 
1 
. 
An easy calculation gives 
an2(x) =x(1 -x)/n, an3(x) =x(1 -x)(1 -2x)/n2, 
an4(x) = 3x2( 1 - ~)~/n~ + x( 1 -x)( 1 - 6x + 6x2)/n3. 
Substitution in (11) yields 
a2(1 - a)2 
n 
(12) 
if 01x13, 
-x)+4)- 
a2(1 - a)2 
n 
I if +<xll. 
(12) shows that C&X, n-l) is symmetric on [0, l] with respect to x= +. 
From (12) it follows that 
lilic TzCn3(X, n-1) = +x2(1 -x)2 (xe [OS 11) 
and 
lim n Xrtzl cn3(x, n-r) = A. 
“+a 
Concerning cns(x, n-‘) the numbers 
(13) Cn = xy$fl m3(x, n-l) C-N) 
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will be considered and it will be proved, that the sequence {c,} is monotonically 
decreasing. To this end we put for XE R and n EN 
(14) j-n(x) = 2‘hc,& n-l) =&z(X) - n-‘a2(1 - a)2, 
with 
g,(x)=n-rx(l-~)~((3n-6)~+4). 
Firstly it will be shown that on [0, +] f&x) takes its maximum value on the 
interval In = [3 - 1 /n, 51 if n is even and on J,, = [+ - 1/2n, 31 if n is odd. 
The derivative 
g;(x) = n-‘2(x- 1){6(n - 2)x2- 3(n - 4)x- 2) 
possesses on [0, +] only one zero xi if n f 2, viz. 
xl=+- 3n - d9n2 - 24n + 48 
12n - 24 
and g’,(x) > 0 on 10, XI), g’,(x) < 0 on (xi, +I, 
o<+-x1= 2 1 
3n+jGiFGGG<G 
(n # 2). 
If n = 2, g;(x) = (x- 1)(6x- 2) > 0 on [0, +). Hence for each n EN gn(x) is in- 
creasing on [0, 3 - 1/2n]. From (14) it then follows that if n is even, 
fn(x)lg,(x)lg L-L n(* n)=fn(+--t;> (y p-g 
and, if n is odd, 
f&G 5 &J(x) 5g *(f-&)=f+-&) (xc p-&l). 
Next the difference 
bl(x)=el(x)-gn+1(x)= 2x(1 -x)2(2 - 3x) 
n(n + 1) 
is considered. 
An(x) is decreasing on [+ - $fi,+] and hence also on Zm (m 2 3). Hence for 
each nz2 and eachxEZn+i (nr2): 
hn(x)zhn(+)= l 
8n(n + 1) ’ 
Since 01 a< 1 it follows from (14) that 
1 
&4x) - - 16m2 5 f&3 5 Lb(x) (m EN). 
Consequently, for each n 2 2 and each x E I,, + 1 
b(x)-f.+r(r)rh.(x)-~~ 8n(;+ 1) -L>O. 16n2 
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This means that 
and hence cn> cn+ l(n ~2). Calculation of cl and c2 shows that cl >cz. This 
proves that the sequence {c,} (n E N) is monotonically decreasing. However the 
sequence {x,} of points xn where ncn(x, n-l) attains its maximum on [0, 31 is not 
a monotonically increasing sequence as the following table shows. 
n max c,(x,n-*) Ctl XII 
X-5 mt1 
1 0,0176 0,0176 0,25 
2 0,0059326 0,0118658 0,35584 
3 0,0034602 0,0103806 0,364592 
4 0,0023681 0,0094727 0,4223325 
5 0,0018294 0,0091471 0,4176142 
co 0 0,0078125 035 
6. REMARK ON A GENERALISATION B,* OF THE BERSTEIN OPERATOR B, . 
For each p=O, 1, . . . the generalization B,* or the Bernstein operator B, 
considered in this paper mapping UP(I) into C(I), I= [0, l] is defined by 
(viz. [7]) 
B,*(f;x) = i n 0 h=o h 
where, as above, 
x(n) = n + y(n), y(n) 10, n-$(n) = o( 1) (n-m). 
Then 
W)x B,*(t--x,x) = -- B:((t-X)2;X) = y2(n)x2+ nx( 1 -x) 
x(n) ’ x2(n) 
(n EN). 
Again, setting a=)l(n)x- [x(n)x], it follows from (5) that e.g. 
cnt(x,X-t(n))=*x(l-x)+ y2(n)x2 + y(n)x2 + a( 1 - a) 
2x(n) 
The asymptotic character of m(x,x-l(n)) depends on the behaviour of y(n) if 
n-+ua: 
+x(1-x)+0(1) if n-$(n)-+0 (n+c=) 
+x(l-x)++q2x2+0(1) 
cdx, x-Yn)) = if n-fy(n)+q (n-m) (O<q<oo) 
y2(n)x2 + o(l) 
2n 
if n+(n)-+03 (n-r=). 
If y(n) =0 for some n, B,*= B, for this n. 
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7. ON THE BEST FUNCTIONS c,(x, 6) FOR ARBITRARY POSITIVE 6. 
In this section for c,(x, s) (6 >O) two estimations are derived. In some cases 
the asymptotic behaviour of +,(x,8) if n +o follows from these estimations. 
To this end we define 
(15) l$p(u)=p!-l 
i 
lul 
+P+ 1 (u-jy 
j=l 1 
(ulO;pENo). 
Then 
(16) qp(u) = 5 + [u] (u@N), 
(17) f@(O) =o (k=O, 1, . . . . p- 1). 
Suppose that p ~1. Integration of (16) and suppose (17) gives 
@JP-‘)(U)=+U2++a(l -a), cJ=u- [u]. 
This yields the inequalities 
Integrating (p - 1) times and using (17) gives 
u/J+1 
(18) - 
UP+1 up-1 
- 
(P+ I)! r@p(U)5 (p+ l)! + (p- l)! 8 
(UZO). 
Moreover, it follows from (15) that 
(19) +4Psp! &(u) I +up + up+ 1. 
For linear positive operators satisfying the conditions of theorem 1 the 
relation 
holds for each n EN, each XE I and each 6 > 0. Using (18) and (19), (20) gives 
(21) 
Pn,P+l(x), b,(x)l Icnp(X,6)~Pn,P+lw I IanP( I M&P-l(X) 
(p+1)!6 p!2 (p+l)!d p!2 (p - l)! 8 
resp. 
(22) p! 2 p!2 ’ p!2 p!2 p!6 ’ 
PnPw I IG4x)I Icnp(x d),PnP(x) -I IanP( I PRP+lw 
(21) and (22) both holding true for each n EN, each xol and each 6> 0. 
These results lead to the following theorem: 
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THEOREM 3. Let {L,,} (n = 1,2, . ..) be Q sequence of linearpositive operators 
satisfying the conditions of theorem 1. Moreover, if the sequence possesses the 
property that 
/k(x) = ~k(x)n-~‘~ + o(nmk”) (k=O, 1, . . . . P+ 1) Woo) 
&k(x) = o(nek”) (k odd, 1 Iklp+ 1) (n-w) 
then, if n-rw, 
fiI+lfj (1 + o(l)) 1. if n&O cnp(x, S) = ?(I + o(1)) if n&w 
for each x B I, v = 1 if p even, v = 2-l if p odd. 
REMARK. If e.g. it is known that O<lim inf nb< w it can only be derived n+m 
from (21) and (22) that 
c&x, 6) = 8( n -p”) . 
8. APPLICATIONS OF THEOREM 3. 
In addition to the operators B,, of Bernstein and of Szasz-Mirakjan 
considered above, the operators L,, of Baskakov and M,, of Meyer-K&rig and 
Zeller will serve as an application of theorem 3. 
For each p=O, 1, . . . the operators Ln of Baskakov (n = 1,2, . ..) mapping 
UP(I) into C(I), I= [0, 00) are defined by 
Ln(f;x)=(l +x)-” f h=O (,+,- ‘>(i&yf({) (f E UCP(0); 
the operators A4,, of Meyer-Konig and Zeller (n = 1,2, . . .) mapping NY(I) into 
C(I), I= [0, l] are defined by 
Mn(fix)=(l -x)“+i j. (yhpf(&) (f E UCW, 11). 
It is well known [6] that concerning the operators B,, S, and Ln 
nkank(X) = Ck(X)dk’21( 1 + o( 1)) 0-w) 
for each XE Z and each kENo. For the operators M,, the substitution XO= 
(1 -x)-*x gives 
Mn((t-X)k;X)= i h=O (,,,- 1)(-$-)x1(1 +Xo)-n-k-l ($Jx 
kl(l-x) k+ lLn((t - xo>k, x0) 
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and hence also for M,, 
&k(X) = on -k’Z (n E 00) (k odd). 
Moreover, it is well known [l], [2] that for each of the operators Bn, Sn, Ln, Mn 
hk(x) = 
foreachxEIandeachk=O 1 , ,**a, with 
(x(1 -x) in case of Bn 
(23) 
Sn 
Ltl 
Mn. 
Consequently theorem 3 is applicable to these operators. It yields 
THEOREM 4. Setting v = ep = 1 if p even; v = 5, ep = (2/7r)f if p odd, then for 
the operators Bn Sn, Ln, M, the relations 
and 
lim an(P+ lWc,(x, 4 = Ep+ ’ X(P+ 1)/z 
II’m (p+ l)!! 
iflim Sfi=O “+m 
hold, where X is given by (23). 
EXAMPLE. If 6=n-‘, then if p odd, p=2r- 1 (rEN), 
;+E n’- lcn,p(x, n-l) = x’ 
(p+ l)!! 
and if p even, p = 2r (r E N) 
lim nr-+c (x n-l)= 2 + X’++ 
n-+m nP 3 
0 n (p+l)!! * 
Setting 6 =K~ it follows from theorem 4, that for the Bernstein operators Bn 
the next theorem holds on asymptotic best constants. 
THEOREM5. For the Bernstein operators B,, the relations 
lim max n+ +(P+ ‘)“c,(x, n-“) = n-m XE [O, I] 
and 
in x~g;, np’2c,(x, n-“) = Ek 
p!! 2p 
(O<A<3) + 
hold in case p I 1. 
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For the operators Mn of Meyer-K&rig and Zeller the next theorem follows 
from theorem 4. 
THEOREM 6. For the operators M,, of Meyer-Kiinig and Zeller the relations 
lim max n-A+(P+1)‘2c,p(x, neA) = 
&p+ ,2Pf’ 
n-m XE [O, I] (p+ I)!! ~XP+W 
and 
(OcAc+) 
hold in case p 2 1. 
REMARKS. 
1. Special cases of theorem 5, viz. p = 1, A = 1 and p = 3, A = 1 occur already 
in section 5. 
2. The casep = 1, A = 1 of theorem 5 was found earlier by Schurer and Steutel 
141. 
3. Theorem 6 generalises a result of Schurer and Steutel [5] in that they 
found it only if p = 1 (see their theorem 4.2; their notation is somewhat different 
from ours because of their definition 1.2). 
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